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Abstract

An acyclic vertex coloring of a graph is a proper vertex cimgrsuch that there are no bichromatic
cycles. The acyclic chromatic number Gf denotedu(G), is the minimum number of colors required
for acyclic vertex coloring of a grapty = (V, E)). For a family F of graphs, the acyclic chromatic
number ofF, denoted by(F'), is defined as the maximun(G) over all the graph& € F. In this
paper we show that(F) = 12, whereF is the family of graphs of maximum degree 6 by presenting a
linear time algorithm to achieve this bound.

Keywords: Graph theory, analysis of algorithms.

1 Introduction

A proper coloring of the vertices of a gragh = (V, E) is an assignment of colors to the vertices so that
no two neighbors get the same color. A proper coloring is said to be acytiie doloring does not induce
any bichromatic cycles. The acyclic chromatic number of a gi@ph denotedi(G), and is the minimum
number of colors required to acyclically color the verticeg:of

The concept of acyclic coloring of a graph was introduced by Grumbf] and is further studied
in the last two decades in several works, [3, 1, 7, 8, 9, 4] among otBEtermination ofz(G) is a hard
problem even theoretically. For example, Kostochka [16] proves thadiit P-complete problem to decide
for a given arbitrary graptr whethera(G) < 3.

Given the computational difficulty involved in determining(), several authors have looked at acycli-
cally coloring particular families of graphs. In this context, Borodin [7]uses on the family of planar
graphs, the family of planar graphs with "large” girth [10], 1-planamins[9], outer planar graphs [24],
d-dimensional grids [13], graphs of maximum degree 3 [14, 23], amdaoimum degree 4 [11].

Another direction that has yielded fruits is that of the using the probabilistic gdedind the Lovasz
Local Lemma (LLL) [6]. Using this method, it was shown by Alon et al. [3]tthay graph of maximum
degree D can be acyclically colored usifigA*/3) colors, thus showing that(G) < Q(A*/3/(log A)'/3).

In the same paper, it was also shown thatpas> oo, there exist graphs with maximum degrdeand
requiring(A*/3/(log A)'/3) colors for an acyclic coloring. The above two results are based on ttve pr
abilistic method. They further showed that a greedy algorithm exists to aaygloolor any graphG with
maximum degree\ using A% + 1 colors. This was later improved by Albertson et al. [2] to show that
a(G) < AA-1)+2.

Focusing on the family of graphs with a small maximum degkeé was proved by Skulrattanakulchai
[23] thata(G) < 4 for any graph of maximum degree 3. Burnstein [11] showeddh@) < 5 for any graph
of degree maximum 4. The work of Skulrattanakulchai was extended iy Bead Raspaud [12] to show
that it is possible to acyclically vertex color a graghof maximum degreeé\ using at mostA(A — 1)/2
colors. In the same paper, it was also shown that for any géaph maximum degree 5(G) < 9 and
there exists a linear time algorithm to acyclically cof@musing at most 9 colors.Recently, Yadav et al. [29]



extended the work of Skulrattanakulchai [23] to show that any graphaoimum degree 5 can be colored
using at most 8 colors.

In this paper, we show that any graph of maximum degree 6 can be atlyaticlbred using at most
12 colors. Our result thus improves the state-of-the-art for the camsidamily from 15 colors [12] to
12.Below, we first introduce the notation that is used in the rest of the paper

1.1 Notation

For a positive integet, [k] refers to the set of positive integefs, 2, ..., k}. ForW C V(G), N(W), is the
set of all vertices i/ (G) \ W that are adjacent to some vertexiin. We borrow notation from [23].

Definition 1.1 Let W € V(G). The neighborhood oft’, denotedN (17), is the set of all vertices in
V(G) \ W that are adjacent to some vertexliti. A neighbor ofi¥’ is a vertex inNV (). N (v) stands for

N({v}).

Definition 1.2 A partial coloring is an assignment of colors to a subsef/df¥) such that the colored
vertices induce a graph with an acyclic coloring.

SupposeG has a partial coloring. Let, 8 be any two colors. An alternating, 5-path is a path in
G with each vertex colored either or 5. An alternating path is an alternating ¢ path for some colors
«, 8. A path is odd or even according to the parity of number of edges it conta&is be an uncolored
vertex. A colora € [12] is availablefor v if no neighbor ofv is coloreda. A color o € [12] is feasible
for v if assigning colo to v still results in a partial coloring. Let', be a cycle inGG containing vertex.
A cycle C, is a, 8 dangerous ifC;, — v is an even, §—alternating path. A cycl€’, is dangerous if it is
«, #-dangerous for some colots .

Definition 1.3 We call a vertex as asinglevertex if all its colored neighbors receive distinct colors.

Notice that the above definition also treats a verteaxith some uncolored neighbors but the colored
neighbors having distinct colors as a single vertex. The notion of a siegiexis useful because recoloring
is easy at single vertices.

1.2 Our Results

In this paper, we show that any graghwith maximum degree bounded by 6 can be acyclically colored
using 12 colors. We show this result by extending a partial coloring byvertexv at a time. During this
process, in some scenarios it is required that we recolor some of theegaatieady colored so as to make a
color feasible for the vertex which we try to color. However, note that #gsloring, if required, is limited

to the neighborhood of the neighborswgfin all cases. Specifically, we show the following lemmata which
resultin Theorem 1.7.

Lemma 1.4 Letw be any partial coloring of7 using colors in[12] and letv be any uncolored vertex. if
has less than 4 colored neighbors, then there exists a eokor{12] feasible forv.

Lemma 1.5 Letw be any partial coloring of5 using colors in[12] and letv be any uncolored vertex. if
has exactly either four or five colored neighbors, then there exists a padiaring 7; of G using colors
in [12] and a colora € [12] so thatm; has the same domain as 7(x) # 71 (x) impliesz € N(v) or
x € N(N(v)) anda is feasible forv undermr;.



Lemma 1.6 Let 7 be any partial coloring ofz using colors in[12] and letv be any uncolored vertex. If
v has six colored neighbors, then there exists a partial coloringf G using colors in[12] and a color
a € [12] so thatr; has the same domain as 7 (z) # 71 (x) impliesz € N(v) or z € N(N(v)), anda is
feasible forv undermy.

We show that in all the above lemmata, bathand« can be found irO(1) time. Hence, we have:

Theorem 1.7 The vertices of any grapfi of degree at most 6 can be acyclically colored using 12 colors in
O(n) time, wheren is the number of vertices.

The rest of the paper is organized as follows. In Section 2, we proverizel.4. In Section 3 and 4, we
prove Lemmata 1.5 and 1.6 respectively. The paper ends with some condlediagks in Section 5.

2 Proof of Lemma 1.4

We may assume without loss of generality that all 6 neighbots, y, z, t, u exist. Vertexv has at most 6
neighbors.

As maximum number of colored neighbors ofis three assume without loss of generality they are
{w, z,y}. Atany time maximum number of available colors fois nine.Any of{w, z,y} can participate
at most fivel, 5— dangerous cycles and each sdghcycle contains two neighbors of Hence there are at
most seven dangerods, cycles. Since has at least nine colors available but at most seven of them are not
feasible, at least two colors are feasibledor

3 Proof of Lemma 1.5

In this section we deal the case wherbkas exactly either four or five colored neighbors. We deal the proof
in several cases depending on the colors of the neighbars of

1. v has exactly four colored neighbors: We further subdivide this casetirge sub cases.

1.a- Wherv has at least one uniquely colored neighbor.

When no two neighbors af have the same color, it can be seen thhaas eight available colors,
and all of them are feasible far. Otherwise, assume without loss of generality that the colored
neighbors ofv are {w, x,y, z}, andz is uniquely colored. At any time number of available
colors forv is at least nine. Any ofw, z, y} can participate at most five 5— dangerous cycles
and each suchy, cycle contain two neighbors af Hence, there are at most seven dangerous
C, cycles. Sincey has at least nine colors available but at most seven of them are niideas
at least two colors are feasible for

1.b- When there are two colors so that each color appears at exactleigitbors: Assume without
loss of generality that (w) = w(x) = 1 andn(y) = m(z) = 2. Hence, there are at most five
1, p-dangeroug’, cycles. Similarly, there are at most fi2e-dangeroug’, cycles. However,
only ten colors are available to Thus, none of the available colors may be feasiblesfole
proceed with the following case distinction.

i- Ifany of {w, z,y, z} is a single vertex: Assume without loss of generality thdtas neigh-
bors colored 3, 4, 5, 6 and 7. Defing by settingm; (w) = 8 and settingr;(s) = n(s)
for all other colored vertices. Then,r is also a partial coloring. Moreover, under, this
case converts to sub case [1.a] above.



ii- If none of {w, x,y, z} is a single vertex: In this case, any verteXin, z, y, z} has at most
4 different colored vertices. Thus, any neighbowafan participate in at most 4 dangerous
C, cycles, and eacl’, cycle contains two neighbors ef Hence, there are at most 8
dangeroug’, cycles. Sincey has 10 available colors but at most 8 of them are not feasible,
at least two of them are feasible.

1.c- When there is one color appears at all four colored neighbossimes without loss of generality
thatm(w) = 7(z) = 7(y) = 7(2) = 1. Any vertex in{w, =, y, z} can participate in at most five
dangeroug’, cycles, and eact, cycle contains two neighbors of Hence, there are at most
10 dangeroug¢’, cycles. Since has 11 available colors but at most 10 of them are not feasible,
at least one color is feasible for

2. Whenv has five colored neighbors, we split the proof into 5 cases.

2.a- Wherw has at least two uniquely colored neighbors.
If no two neighbors ofv have the same color, thanhas seven available colors, and all of
them are feasible for. Otherwise assume without loss of generality the colored neighbors are
{w,x,y, z,u} and{z,u} are uniquely colored. At any time at least 8 colors are available.for
Any of {w, z, y} can participate in at most five 5— dangerous cycles and each sdghcycle
contains two neighbors of. Hence there are at most seven dangetousycles. Since has at
least eight colors available but at most seven of them are not feadildasaone color feasible
for v.

2.b- If all the four neighbors have the same color and one is differentibyexy: Assume without loss
of generality thatr(w) = 7(z) = n(y) = 7(2) = 1 andw(u) = 2. Any vertex in{w, z,y, z}
can participate in at most five dangerdus cycles, and eact’, cycle contains two neighbors
of v. Hence there are at most 10 dangeréysycles. Thus, none of the available color may be
feasible forv. We now deal with two cases. So we make the following case distinction.

i- Ifany of {w, z,y, z} is a single vertex: Assume without loss of generality th&tas neigh-
bors colored 3, 4, 5, 6 and 7. Defimg by settingm;(w) = 8 andn(s) = =(s) for all
other colored vertices. Then,r; is also a partial coloring. Moreover, under, this case
converts to Case [2.a] of this section.

ii- If none of {w, z,y, z} is a single vertex: In this case, any verteXin, =, y, z} has at most
4 differently colored vertices. Thus, any colored neighbor oin participate in at most 4
dangeroug”, cycles, and eachy, cycle contains two neighbors of Hence, there are at
most 8 dangerou€', cycles. Since has 10 available colors but at most 8 of them are not
feasible, at least two of them are feasible.

2.c- If all the five neighbors have the same color: Assume without lossradrghty thatr(w) =
m(x) = w(y) = 7(z) = w(u) = 1. Any vertex in{w, z, y, z, u} can participate in at most five
dangeroug”, cycles, and eacty, cycle contains two neighbors of Hence there are at most
12 dangeroug¢’, cycles. Thus, none of the available color may be feasible fille now deal
with two cases.

i- If any of {w,z,y,z,u} is a single vertex: Assume without loss of generality thatas
neighbors colored 3, 4, 5, 6, and 7. Definegby settingr; (w) = 8 andn;(s) = = (s) for
all other colored vertices. Then,r; is also a partial coloring. Moreover, undey, this
case converts to Case 2.b of this section.

ii- If none of {w, z,y, z,u} is a single vertex: In this case, any vertex{im, =, y, z,u} has
at most 4 differently colored vertices. Thus, any neighbor o&n participate in at most 4
dangeroug”, cycles, and eachy, cycle contains two neighbors of Hence, there are at
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most 10 dangerou§’, cycles. Sincey has 11 available colors but at most 10 of them are
not feasible, at least one of them is feasible.

2.d- When there are three colors so that two of them appear at two varéickexactly and the other
neighbor is colored with the third color:
Assume without loss of generality thatw) = 7(x) = 1, andn(y) = 7(2) = 2 andw(u) = 3.
There are at most five, 5— dangeroug’, cycles for somes involving the path{w, v, x} and at
most five2, 5/—dangeroug’, cycles for somes involving the path{y, v, z}. Hence, presently,
no color is feasible fov. To find a feasible color fov, we make the following case distinction.

i- Ifany of {w, z,y, z} is a single vertex: Assume without loss of generality thdtas neigh-
bors colored 4, 5, 6, 7, and 8. Defing by settingr; (w) = 9 and settingr; (s) = 7 (s)
for all other colored vertices. Thenm is also a partial coloring. Moreover, undey, this
case converts to Case 2.a of this section.

ii- If none of {w, z,y, z} is a single vertex: In this case, any verteXin, =, y, z} has at most
4 different colored vertices. Thus, any neighbowafan participate in at most 4 dangerous
C, cycles, and eacl’, cycle contains two neighbors ef Hence, there are at most 8
dangeroug’, cycles. Since has 9 available colors but at most 8 of them are not feasible,
at least one of them is feasible.

2.e- When there are two colors so that one color appears at three oesgiital other color appears
at two neighbors: Assume without loss of generality thav) = n(z) = n(y) = 1, and
m(z) = w(u) = 2.There are at most sevan— dangeroug’, cycles for some3 involving
the path{w, v, z}, {y,v,z} , {w,v,y} and at most five, 5— dangeroug’, cycles for some3
involving the path{w, v, z}. Hence, presently, no color is feasible forTo find a feasible color
for v, we make the following case distinction.

i- Ifany of {w, z,y} is a single vertex: Assume without loss of generality th&ias neighbors
colored 3, 4, 5, 6, and 7. Defing by settingm; (w) = 8 and settingr,(s) = = (s) for all
other colored vertices. Thenm is also a partial coloring. Moreover, undey, this case
converts to Case[2.d] of this section.

ii- If any of {z,u} is a single vertex: Assume without loss of generality thags neighbors
colored 3, 4, 5, 6, and 7. Defing by settingm; (w) = 8 and settingr;(s) = = (s) for all
other colored vertices. Thenm is also a partial coloring. Moreover, undey, this case
converts to Case[2.a] of this section.

iii- 1f none of {w, z,y, z, u} is a single vertex: If no available color is feasible fothen there
must be sixXl, f—dangeroug’, cycles and foul, 5—dangeroug’, cycles. Assume without
loss of generality they are 1,3-, 1,4-, 1,5-, 1,6-, 1,7-, 1,8-, and 2,9;,2111-, and 2,12-
dangerous cycles. This implies that the neighbors afe colored with colors 9, 10, 11, 12
and another neighbor should be colored an{®fl0, 11, 12}. Let that color be 9 and let the
like neighbors of: be z1, 29, i.e., 21 andz, are colored with color 9. The available colors
for recoloringz is any of{3,4,5,6,7,8}. Suppose we define; by settingm; (w) = k
wherek is the color missing frord 3,4, 5, 6, 7, 8} in the colored neighbors af andz; and
setting,m (s) = m(s) for all other colored vertices. Moreover, underr; this case converts
to Case 2.a of this section.

4 Proof of Lemma 1.6

We divide proof of Lemma 1.6 into seven sub-cases.



1: If at most three neighbors ofhave the same color and all other neighbors are differently colored. We
show that in this case, there is always a feasible color f@ithout recoloring any colored vertex. To
this end, we break the proof into three scenarios.

1.a- No two neighbors of have the same color: In this cagehas six available colors, and all of
them are feasible fo.

1.b- If exactly two neighbors of colored with the same color and the remaining neighbors are
colored differently: Assume without loss of generality thdtv) = n(z) = 1, n(y) = 2,
m(z) = 3, 7(t) = 4, andn(u) = 5. Thus colors [6-12] are available for Any dangerous cycle
involving v is 1, f/—dangerous for someand it involves the patkw, v, z}. ASA = 6, no more
than 5 colors can be the col@rin any 1, 3-dangerous cycle involving. Hence there are at least
2 colors are feasible far.

1.c- When there are four colors so that one color appears at thrddnesgand other three colors ap-
pears at exactly one neighbor: Assume without loss of generalityrthgt= 7 (x) = 7(y) = 1,
m(z) =2, 7(t) = 3, andn(u) = 4. Thus colors [5-12] are available for Any of {w, z, y} can
participate at most five, 5— dangerous cycles and each sudg&hcycle contains two neighbors
of v. Hence there are at most seven dangergusycles. Since has eight colors available, at
least one of the color is available for

2: If two neighbors ofv have the same color and another two are colored with the same, but differen
from above, color, and the other two are differently colored: Assumeowitloss of generality that
m(w) =7(x) =1,7(y) = n(z) = 2, 7(u) = 3, andr(t) = 4. There are at most five, — dangerous
C, cycles for somes involving the path{w, v, 2z} and at most five, 5— dangerous”, cycles for
someg involving the path{y, v, z}. Hence, presently, no color is feasible far To find a feasible
color forv, we proceed by making following case distinction.

2.a- If any of{w, x,y, z} is a single vertex: Assume without loss of generality thdtas neighbors
colored5, 6,7,8,9. Definer; by settingm; (w) = 10 and settingr,(s) = w(s) for all other
colored vertices. Thenm is also a partial coloring. Moreover, under, this case converts to
Case 1 of this section.

2.b- If none of{w, z,y, z} is a single vertex: For no available color to be feasibleifthhere must
be four1, 5-dangeroug’, cycles and fouR, 3-dangeroug”, cycles. Assume without loss of
generality that there arge 5, 1,6, 1,7, 1,8, and2,9-, 2,10-, 2,11-, and2, 12-dangerous’,,
cycles. This implies that neighbors@fandx are colored with colors ik5, 6, 7,8} and another
neighbor should be colored with any {f, 6, 7, 8}. Let that color be 5 and let the like neighbors
of w bew;, ws, i.e.,w; andw- are colored with color 5. If none af; or ws have a neighbor
colored with color 1, apart frorw, then the color 5 is feasible fersince there is no possibility of
1, 5—dangeroug’, cycles. Otherwise, without loss of generality, gt have a neighbor colored
with color 1. We distinguish between two cases. If the neighborhoad dfas vertices colored
with colors amond 1, 9, 10, 11, 12}, we definer; asm; (w) to be any of{9, 10, 11, 12}, my (w)
to be any of 3 or 4, and agrees withr at all other colored vertices. Under this definitiorngf
which is a partial coloring, this case converts to case 1 above. On thehatheéy if some color
k € {9,10,11,12} is missing in the neighborhood af;, we definer; by settingr; (w) = k
andm (s) = 7(s) for all other colored vertices. Then,r; is also a partial coloring, and under
71 this case converts to Case 1 above.

3: If three neighbors have the same color and another two are coloretheitame, but different from
above, color and the remaining neighbor is differently colored: Assumeutitbss of generality that



m(w) = m(x) =7(y) =1, 7(z) = w(t) = 2, andnw(u) = 3. Any of {w, z,y} can participate in at
most fivel, G-dangerous cycles and each sd¢heycle contains two neighbors of Hence, there are
at most seven, §-dangeroug’, cycles and at most five, 5-dangerous’, cycles. Hence, none of
the available colors may be feasible torSo we proceed by making the following case distinction.

3.a- If any of{w, z,y} is a single vertex: Assume without loss of generality thétas neighbors
colored 4, 5, 6, 7, and 8. Defing by settingr; (w) = 9 and settingr; (s) = «(s) for all other
colored vertices. Thenm is also a partial coloring. Moreover, under this case converts to
Case 2 of this section.

3.b- Ifany of{z, t} is a single vertex: Assume without loss of generality thhas neighbors colored
4,5, 6, 7, and 8. Defing; by settingr;(z) = 9 and settingr, (s) = = (s) for all other colored
verticess. Thenm is also a partial coloring. Moreover, under this case converts to subcase
1.c of this section.

3.c- If none of{w, z,y, z, t} is a single vertex: We divide into two sub case.

i. If any of {w,z,vy, z,t} has four differently colored neighbors: Then any{ef, z,y, z, t}
can participate in at most four, 3-dangerous cycles and each s¢hcycle contains two
neighbors o). Hence, there are at most dix3-dangeroug’, cycles. Similarly, there are at
most four2, §-dangeroug’, cycles. Hence, none of the available colors may be feasible for
v. Assume without loss of generality thathas neighbors colored with colors among 4, 5,
6, 7. The other neighbor af should be colored with one amoxd, 5,6, 7}. Letitbe 7 and
the alike neighbors of» bew; andws. When any one of the colors §8,9,10,11,12} is
found missing in the colored neighborhoodafor ws then definer; by settingr; (w) = k,
wherek is a missing color and; (s) = 7 (s) for all other colored vertices. When no color
from {8,9, 10,11, 12} is found missing among the colored neighborhoodvgfand w,,
then definer; by settingr; (w1) = 2, 71 (w) = 9, andm; agrees withr at all other colored
vertices. Under this definition of;, which is a partial coloring, this case converts to Case
2 above.

ii. Onthe other hand, when all vertices{im, =, y, z, u} have less than four differently colored
neighbors, then any ofw, z,y} can participate in at most three S—dangerous cycles
and each sucly’, cycle contains two neighbors of Hence, there are at most fouys-
dangeroug”, cycles. Similarly, there are at most thre3-dangeroug”, cycles. Hence
there are at least two available colors that are feasible.for

4: When there are three colors with each color appearing at exactly iglobwes: Assume without loss
of generality thatr(w) = n(x) = 1, 7(y) = w(z) = 2, andn(t) = m(u) = 3. There are at most
five 1, f—dangeroug’, cycles for somes involving the path{w, v, z}, at most five2, f—dangerous
C, cycles for somed involving the path{y, v, z} and at most fiv@, 5—dangeroug’, cycles for some
B involving the path{¢,v,u}. Sincev has 9 available colors and all of them can be involved in
dangeroug”, cycles, no color may be feasible for We proceed in the following way by making a
case distinction.

4.a- If any of the vertices iRw, z,y, z, t, u} are single: Assume without loss of generality that
has neighbors colored with colors 4, 5, 6, 7, and 8. Definby settingr; (w) = 9 and setting
m1(s) = w(s) for all other colored vertices Thenr is also a partial coloring. Moreover, under
m this case converts to Case 2 (subcase) of this Section.

4.b- If none of{w, z,y, z, u} is a single vertex: We make the following case distinction based on the
colors in the neighborhood of the vertices{in, x,y, z, t, u}.



i. Ifall of {w,z,y,z,t u} have less than three differently colored neighbors: In this case, it
can be shown that there is at least one color that is feasibte for

i. Ifall of {w,x,y,z t,u} have only three differently colored neighbors: Let us consider
and the like colored neighbors af be wq, w2, andws. Without loss of generality, let
have neighbors colored with colors {d, 5,6}. There are at most seven dangerous cycles
can be formed usingw,, w2, w3}. Hence one color is available for recoloringamong
colors in{7,8,9,10,11,12, 2,3}. Then define a partial coloring; by settingm (w) as
any of the available color and, (s) = 7 (s) for all other colored vertices. Thenmis also
a partial coloring. Moreover, undet; this case converts to Case 3 above whefw) = 2
or 3, or else it converts into Case 2 above.

iii. If any of {w,z,y,z,t,u} has four differently colored neighbors. Let it he Assume
without loss of generality that: has neighbors colored with colors {4, 5,6, 7} and the
other neighbor is colored with a color among the colpts5,6,7}. Let it be 7 and the
alike neighbors ofw be wy andws. If any of {8,9,10,11,12} is found missing in the
neighborhood ofv; or w, then definer; by settingr; (w) = k wherek is the color missing
andm(s) = m(s) for all other colored vertices. Thenm; is also a partial coloring.
Moreover, underr; this case converts to Case 2 of Section 4. If non¢s9, 10,11, 12}
is found missing in the neighborhood @f andws,, then definer; by settingr; (w;) = 2,
m1(w) = 9, andm agrees withr at all other colored neighbors. Notice thatis also a
partial coloring and this case converts to case 2 above.

5. When there are two colors with each color appearing at three neghBssume without loss of
generality thatr(w) = n(z) = n(y) = 1 andn(z) = n(t) = n(u) = 2. Any of {w,z,y} can
participate in at most five, 5-dangerous cycles and each su¢hcycle contains two neighbors of
v. Hence, there are at most severs-dangerous’, cycles. Similarly, there are at most se\vkrs-
dangerous’, cycles. Hence, none of the available colors may be feasible.fd¥e proceed in the
following way by making a case distinction.

5.a- Ifany of neighbors af is a single vertex: Assume without loss of generality th&ias neighbors
colored with colors 4, 5, 6, 7, and 8. Defing by settingr; (w) = 9 and settingr; (s) = 7(s)
for all other colored vertices. Then is also a partial coloring. Moreover, under this case
converts to Case 3 of this Section.

5.b- -If none of the neighbors afis a single vertex: We distinguish between the following cases.

i. When all vertices ifw, z, y, z, t, u} have less than four differently colored neighbors there
it can be shown that at least two feasible colors for coloring,dhereby completing the
case.

ii. Whenany of{w, z,y, z, t,u} has four differently colored neighbors: Let it beand assume
without loss of generality that has neighbors colored with colors 3, 4, 5, and 6. The other
neighbor ofw should be colored among colors {8,4,5,6}. Let it be 6 and the alike
neighbors ofw bew; andw,. There are at most five dangerous cycles (say 6,7-, 6,8-, 6,9-,
6,10-, and 6,11-) that can be formed. Hence, we receolovith the remaining color]2
in this case. So, define, by settingr; (w) = 12 andn;(s) = 7(s) for all other colored
verticess. Thens is also a partial coloring and undey this case converts to Case 3 above.

6 : If at least four neighbors are colored with same color and the remadauiloged neighbors are
colored with distinct (different from the above) colors: We treat thiedag further looking at the
following three subcases.



6.a- When there are three colors so that one color appears at fonboesgand remaining two colors
appear exactly at one neighbor each: Assume without loss of generality(th) = 7(x) =
w(y) = 7(z) = 1, 7(u) = 2 andn(t) = 3. There can be at most téna-dangerous cycles and
no color is feasible fov.
If none of{w, z, y, z} is a single vertex, it can be shown that there exists at least one color that is
feasible forv. On the other hand, if all the vertices{w, z, y, z} are single, assume without loss
of generality thatw is a single vertex. Assume without loss of generality thhdtas neighbors
colored with colors 4, 5, 6, 7, and 8. Defing by settingr; (w) = 9 and settingr; (s) = 7(s)
for all other colored vertices Thenm is also a partial coloring. Moreover, undey this case
converts to subcase 1.c of this Section.

6.b- When there are two colors so that one color appears at five neggabd remaining color is
appears at one neighbor: Assume without loss of generalityrtha} = 7(x) = 7(y) =
m(z) = m(u) = 1 andn(t) = 2.We proceed in the following way by making a case distinction.
If any of {w, z,y, z, u} is a single vertex, assume without loss of generality thé a single
vertex. Letw have neighbors colored with colors 3, 4, 5, 6, and 7. Definy settingr; (w) =
8 and settingr; (s) = 7(s) for all other colored vertices. Thenr; is also a partial coloring.
Moreover, underr; this case converts to Case (6.a) above.

On the other hand, if none dfw, =, y, z,u} is a single vertex, we proceed as follows. For no
available color feasible for all of {w, z,y, z,u} must contain four differently colored neigh-
bors. Assume without loss of generality thahas neighbors colored with colors{8,4, 5,6}
and the other neighbor is colored with a color among the cdidrg,5,6}. Let it be color 3
and the alike neighbors af bew; andws. We recolorw as follows. We definer; by setting
m1(w) = k wherek is the color missing frord7, 8,9, 10, 11, 12} in the neighbors list ofv; and

wo and settingry (s) = m(s) for all other colored vertices. Thus,r is a partial coloring and,
underm; this case converts to Case (6.a) above.

6.c- When all six neighbors afhave the same color: Assume without loss of generalitysthia) =
m(x) = n(y) = 7(z) = n(u) = w(t) = 1. We proceed in the following way by making a case
distinction.

If any of {w, z, y, z, u} is a single vertex, assume without loss of generality #hhas neighbors
colored with colors 2, 3, 4, 5, and 6 . We recolorby defininingm; asm (w) = 7 and
m1(s) = m(s) for all other colored vertices Thenr; is also a partial coloring. Moreover under
m, this case converts to above Case (6. b).

On the other hand, if none dfw, z,y, z,u} is a single vertex, it can be shown that for no
available color feasible far at least one of w, z, y, z, u} must contain four different neighbors.
Assume without loss of generality thathas neighbors colored with colors {2, 3, 4,5} and
the other neighbor ofv is colored with a color among the colofg, 3,4,5}. Let it be color

3 and the alike neighbors af be w; andws. We now recolonw as follows. We definer; as
m1(w) = k wherek is the color missing fron{6, 7,8, 9, 10, 11, 12} in the neighbors list ofv;
andwsand settingsr (s) = m(s) for all other colored vertices. Thus,r; is a partial coloring
and, underr; this case converts to Case (6.b) above.

7 : When there are two colors so that one color appears at four negyhhd the other color appears
at two neighbors: Assume without loss of generality thab) = n(z) = 7(y) = n(z) = 1, and
m(u) = w(t) = 2. There can be at most tdna-dangerous cycles and at most fg3-dangerous
cycles. Thus, all the ten available colors may not be feasible.f&@o, we proceed in the following
way by making a case distinction.



7.a- Any of{w, z,y, z} is a single vertex: Assume without loss of generality thdtas neighbors
colored with colors 3, 4, 5, 6 and, 7. Defing by settingr; (w) = 8 and settingr; (s) = 7(s)
for all other colored vertices. Then is also a partial coloring. Moreover, under this case
converts to Case 3 of this section.

7.b- Any of {¢,u} is a single vertex: Assume without loss of generality thiads neighbors colored
with colors 3, 4, 5, 6 and, 7. We recolor the vertdsy definingm; aswi(t) := 8 andm (s) :=
7(s) for all other colored vertices. Thenm is also a partial coloring. Moreover, under, this
case converts to Case (6.a) above.

7.c- Ifnone of{w, z,y, z, t,u} is a single vertex: We proceed in the following way by making a case
distinction on the number &, 5-dangerous cycles.

i. If there are four2, 5-dangeroug’, cycles: Assume without loss of generality they are 2,9-,
2,10-,2,11-, and 2,12- dangeroUs cycles. This implies that four neighborsofindt are
colored with colors 9, 10, 11, and 12 and another neighbor shouldi®edavith any color
among{9, 10, 11, 12}. Let it be 9 and the like colored neighborsiwobeu, us, i.e.,u; and
ug are colored with color 9. When any ¢8,4, 5,6, 7,8} is missing in the neighborhood
of u; or uy, we definer; by settingr (u) = k wherek is one among the missing colors,
and settingr; (s) = m(s) for all other colored vertices. Then,r; is also a partial coloring.
Moreover, undefr; this case converts to Case 6.a above.

ii. Ifthere are at most thre®, 3-dangeroug’, cycles: For no available color to be feasible for
v there must be at least severs- dangeroug’, cycles. Assume without loss of generality
there are 1,3-, 1,4-, 1,5-, 1,6-, 1,7-, 1,8- and 1,9-dangefQusycles. This implies that
at least one of w, x, y, z} must contain four differently colored neighbors. Let it e
Assume that four neighbors ofare colored with colors 3, 4, 5, and, 6 and another neighbor
of w is colored with any of3, 4, 5,6}. Let it be3 and the like colored neighbors afbew,
wy, i.e.,w; andwy are colored with color 3. When any of the colors{in 8,9, 10,11, 12}
is missing in the neighborhood of any af, or ws, we definer; by settingm; (w) = &,
wherek is one among the missing colors, and settings) = =(s) for all other colored
verticess. Then,n; is also a partial coloring. Moreover, underthis case converts to Case
3 of this section .

5 Conclusions

In this paper, we have presented a polynomial time algorithm to acyclically twbovertices of graphs
whose maximum degree is bounded by 6. The algorithm improves the sttte-aft by 3 colors by a
careful consideration of the various cases.
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